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We study the effect of an external magnetic field on the chiral phase transition in the theory of the
strong interaction by means of a renormalization-group (RG) fixed-point analysis, relying on only
one physical input parameter, the strong coupling at a given large momentum scale. To be specific,
we consider the interplay of the RG flow of four-quark interactions and the running gauge coupling.
Depending on the temperature and the strength of the magnetic field, the gauge coupling can drive
the quark sector to criticality, resulting in chiral symmetry breaking. In accordance with lattice
Monte-Carlo simulations, we find that the chiral phase transition temperature decreases for small
values of the external magnetic field. For large magnetic field strengths, however, our fixed-point
study predicts that the phase transition temperature increases monotonically.
Introduction.– The dynamics of gauge theories is ex-
pected to be strongly affected by external magnetic
fields. This is of great phenomenological relevance for a
large variety of systems, ranging from condensed-matter
theory [1, 2] over off-central heavy-ion collision experi-
ments [3, 4] to neutron stars [5] and cosmological mod-
els [6]. In fact, studies of the influence of an external
magnetic field on the phase diagram of the theory of the
strong interaction (Quantum Chromodynamics, QCD)
and its equation of state have attracted a lot of atten-
tion in recent years. In particular, the peculiar inverse-
catalysis effect is here of great interest [7]. It is related to
the observation that the chiral critical temperature de-
creases with increasing strength of the magnetic field, in
contradistinction to purely fermionic models also known
from condensed-matter theory where magnetic catalysis
is observed, i.e. the critical temperature increases with
increasing magnetic field strength [1, 8].
The observation of inverse catalysis in lattice Monte-
Carlo (MC) studies of the chiral phase transition in QCD
has come unexpected [7]. This is related to the fact
that effective low-energy QCD models are commonly be-
lieved to describe correctly many features of the QCD
phase diagram, at least on a qualitative level. Since
these models are predominantly purely fermionic models
being close relatives to the Nambu–Jona-Lasinio model,
which has been originally constructed based on analogies
to condensed-matter theory [9], it also appeared natu-
ral to expect that only magnetic catalysis is at work in
QCD [10, 11], see Ref. [12] for reviews.
Various extensions of low-energy QCD models have
been studied, ranging from the inclusion of the order-
parameter for deconfinement as obtained from lattice MC
simulations [13] to extensions beyond the mean-field ap-
proximation [14, 15]. Moreover, the effect of a magnetic
field on the chiral dynamics has been recently studied us-
ing Dyson-Schwinger equations (DSE) [16]. In any case,
the very observation of magnetic catalysis is found to be
generic, even if effects associated with the chiral anomaly
are taken into account [10]. On the other hand, it has
been found that the parameters of low-energy models can
be tuned such that inverse catalysis occurs at weak mag-
netic fields [17, 18]. Interestingly, at strong magnetic
fields, catalysis is still observed and appears to be a ro-
bust feature of these models.
The detailed analysis of low-energy models suggests
that a formulation of the problem in terms of microscopic
degrees of freedom has the greatest potential to explain
the appearance of the inverse-catalysis effect. In par-
ticular, the dependence of the running coupling on the
magnetic field is expected to play a prominent role in a
dynamical study of chiral symmetry breaking [19, 20].
In this work, we analyze the origin of the inverse-
catalysis effect in finite-temperature QCD. To this end,
we discuss the chiral quark dynamics in the presence of an
external magnetic field by studying the underlying fixed-
point structure. In particular, we shall point out that the
dependence of the chiral dynamics on the external mag-
netic field is governed by an intriguing interplay between
the quark and gluon degrees of freedom. However, we
also emphasize that we are not aiming at quantitative
precision with our analysis but rather aim at revealing
the mechanisms and the connection underlying inverse
catalysis observed in lattice MC simulations and mag-
netic catalysis being a well-established phenomenon in
the context of condensed-matter systems.
Formalism.– The starting point for our analysis is the
classical action S in 4d Euclidean space-time,
S =
ˆ
d4x
{
1
4
FµνFµν + ψ¯
(
i/∂ + g¯ /A+ e¯A/)ψ} , (1)
where g¯ is the bare gauge coupling and e¯ ≡ e denotes the
electric charge. The non-Abelian fields Aµ enter the defi-
nition of the field-strength tensor Fµν and are associated
with the gluon degrees of freedom. The external electro-
dynamic potential is determined by Aµ = (0, 0, Bx1, 0),
where the magnetic field B is assumed to be spatially
and temporarily constant. In the present work we shall
moreover restrict ourselves to the case of two massless
quark flavors.
The quark-gluon interaction in Eq. (1) induces quark
self-interactions, e. g. by two-gluon exchange. Chiral
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Figure 1. The depicted Feynman diagrams labelled with (a)
and (b) are associated with the first and the third term on
the right-hand side of Eq. (2), respectively. The second term
associated with the so-called triangle diagram is not shown,
as it plays only a subleading role in our analysis.
symmetry breaking is then ultimately triggered by the
four-quark interactions approaching criticality, i.e. the
associated couplings become relevant. In our study we
shall only consider one particular four-quark interaction
channel, namely the scalar-pseudoscalar channel. This
channel can be used to monitor spontaneous chiral sym-
metry breaking and has been found to be the most dom-
inant one in Fierz-complete studies, both at zero [21, 22]
and finite temperature [23]. At finite external mag-
netic field, the number of interaction channels in a Fierz-
complete basis increases considerably due to the strong
explicit breaking of Poincare´ invariance [24, 25]. For our
more qualitative analysis of the mechanisms underlying
chiral symmetry breaking, however, we shall drop these
additional channels for simplicity.
The renormalization-group (RG) β-function of the
four-quark coupling λσ associated with the scalar-
pseudoscalar interaction channel is given by
∂tλσ = 2λ
2
σ − lλ2σ λ2σ − lλσg2 λσg2 − lg4 g4 , (2)
where t = ln(k/Λ) is the so-called RG ‘time’ with k being
the RG scale and Λ being an ultraviolet (UV) cutoff scale
at which we fix the initial conditions, e.g. the τ -mass
scale. The couplings λσ ∼ k2λ¯σ and g are dimensionless
and assumed to be suitably renormalized. The first term
on the right-hand side describes simply the dimensional
scaling of the coupling. The quantities lλ2σ > 0, lλσg2 > 0,
and lg4 > 0 are related to one-particle irreducible (1PI)
Feynman diagrams, see Fig. 1, and depend on the di-
mensionless magnetic field b = eB/k2, the dimensionless
temperature τ = T/k and combinatoric factors. With re-
spect to our numerical studies below, we add that Eq. (2)
can also be derived from nonperturbative flow equations
in the limit of point-like interactions. Here, we employ an
RG equation for the quantum effective action [26]. Our
RG flow then takes into account resummations of all di-
agram types shown in Fig. 1, including ladder diagrams.
The details of the Wilsonian momentum-shell integra-
tions are specified by the choice for a so-called regulator
function in this case. Here, we shall use the exponential
regulator [26, 27].
The initial condition for the four-quark coupling is
fixed by the classical action (1) and is therefore given
by λσ = 0 at k = Λ  ΛQCD in the perturbative high-
momentum regime. Thus, the quark self-interactions in
our study are originally gluon-induced due to the term ∼
g4 in Eq. (2) and the associated coupling λσ does not
represent a (free) parameter. The only parameter used in
our numerical study below is the value of the strong cou-
pling g2/(4pi) ≈ 0.322 at the τ -mass scale mτ ≈ 1.78 GeV
which determines the physical scale [28].
Fixed-point analysis.– As indicated above, chiral sym-
metry breaking is triggered by the four-quark interaction
approaching criticality, i.e. the associated coupling λσ
diverges in the RG flow at a finite scale. In fact, since
the four-quark coupling λσ is the inverse mass parame-
ter of a Ginzburg-Landau effective potential for the chiral
order parameter, such a divergence indicates the onset of
chiral symmetry breaking, see Ref. [29] for a review.
Let us now discuss spontaneous chiral symmetry break-
ing in QCD by analyzing the fixed-point structure of
the flow equation (2). We begin with the limit T = 0
and B = 0, where the quantities lλ2σ , lλσg2 , and lg4 are
simply numbers. At weak gauge coupling, quark self-
interactions are exclusively generated by gluon exchange
processes. For increasing gauge coupling, the two fixed
points of the four-quark coupling then approach each
other, see Fig. 2. Provided that the gauge coupling does
not exceed a critical value, g2 ≤ g2cr, the four-quark cou-
pling approaches a fixed point in the infrared and there-
fore remains finite. Thus, the system stays in the chirally
symmetric phase. However, if the gauge coupling exceeds
the critical value g2cr at some scale, then the four-quark
coupling λσ is no longer bounded by fixed points. In
fact, λσ grows rapidly and approaches a divergence at a
finite scale, indicating chiral symmetry breaking.
At T > 0 and B = 0, the loop integrals parametrized
by the quantities lλ2σ , lλσg2 , and lg4 become functions
of the dimensionless temperature τ = T/k. For large
scales k  T , these functions approach their zero-
temperature values and the dynamics of the matter sec-
tor as measured by the fixed points remains unchanged.
For high temperatures (or small scales) T  k, on the
other hand, the quarks acquire a large thermal mass and
thus stronger interactions are required to drive the quarks
to criticality. In other words, the critical value for the
gauge coupling g2cr increases monotonically for increas-
ing T/k. In fact, we have lλ2σ → 0, lλσg2 → 0, and lg4 → 0
for T/k →∞. This suggests chiral symmetry restoration
at high temperatures. This simple picture of chiral sym-
metry breaking at zero and finite temperature has been
put forward in Refs. [21, 23], and underlies subsequent
studies of the infrared properties of QCD [22, 30].
We now discuss the fixed-point dynamics in the pres-
ence of an external magnetic field. To this end, we first
note that the gluons do not carry an electric charge and
3λσ
∂tλσ
g2 = 0
g2 = 0, B > 0
g2 = g2cr
g2 > g2cr
Figure 2. Sketch of the β function of the four-quark interac-
tion λσ at T = 0 = B (solid lines) as well as for g
2 = 0 and
B > 0 (dashed line). The arrows indicate the direction of the
flow towards the infrared.
are therefore not directly affected by the presence of an
external magnetic field. On the other hand, the quarks
are electrically charged and their dynamics is indeed al-
tered. More specifically, the magnetic field can be associ-
ated with a length scale `B ∼ (eB)−1/2. In the presence
of this scale, the quark fields experience Landau-level
quantization which comes along with a magnetic zero-
mode (lowest Landau level) for the quark fields. This
zero mode essentially governs the dynamics of the quarks,
in particular in the large-b limit, where b = eB/k2. In
this work, we have computed the B-field dependence of
the appearing loop integrals in the lowest Landau-level
(LLL) approximation and suitably amended them to ap-
proach the correct result in the limit of large scales k,
i.e. b→ 0. This ensures that the dynamics of the theory
in the UV limit remains unchanged.
Let us begin our discussion of magnetic field effects
with the zero-temperature limit. Moreover, it is instruc-
tive to consider first the case of vanishing gauge cou-
pling. In this case, for increasing dimensionless magnetic
field b = eB/k2, the non-Gaußian fixed point is shifted to
smaller values which entails that the maximum of the β
function is also pushed to smaller values, see Fig. 2. This
can be understood from the fact that the contribution
from the quark loop increases monotonically with b. To
be specific, we have lλ2σ ∼ b in the large-b limit which is
well-known from RG studies of fermionic models [14, 24].
In any case, the shift of the interacting fixed point to-
wards the Gaußian fixed point for finite b and g2 = 0
already suggests that g2crit decreases with increasing b, at
least in the large-b limit. This is indeed the case since we
find that the box diagram scales as lg4 ∼ b−1/2, result-
ing in g2cr ∼ b−1/4 for large b, i.e. in the deep infrared
limit. The triangle diagram lλσg2 ∼ 1 plays only a sub-
leading role in our analysis. Note that the b-dependence
of the quark loop in the LLL approximation is identical
to the b-scaling behavior of this diagram in the limit of
asymptotically large magnetic fields. This is not the case
for the triangle and the box diagram. Even in the LLL
approximation, the dependence of these diagrams on the
magnetic field is more involved due to the internal gluon
lines. The latter subtlety together with the observation
that the term ∼ g4 in Eq. (2) is suppressed for finite b is
of great importance: Lowering the scale k starting from
a point in the UV regime with g2cr(b) ≈ g2cr(0), we find
that the magnetic suppression of the box diagram yields
an increase of g2cr before it reaches a maximum and then
approaches zero due to the magnetic enhancement of the
quark loop in the infrared limit.
The scale dependence of g2cr for a given finite tempera-
ture T and magnetic field B can now be understood from
our discussion above. For large scales k  T and k  B,
the chiral critical coupling g2cr approaches a finite con-
stant value, g2cr(b, τ) → g2cr(0, 0). Starting in the UV
limit and lowering the scale k, we find that g2cr increases.
Most importantly, g2cr becomes even larger than in the
case B=0 for the same temperature due to the magnetic
suppression of the box diagram. It is this increase of g2cr
on intermediate scales at finite B which favors inverse
catalysis over catalysis for weak magnetic fields.
Running gauge coupling.– Our fixed-point analysis al-
lows us to trace the question of the onset of chiral sym-
metry breaking back to the strength of the coupling g2
relative to the critical coupling g2cr. Therefore an actual
determination of the QCD ground-state properties with
respect to chiral symmetry requires information about
the RG running of the strong coupling. To this end, we
employ the results for the gauge coupling at zero and fi-
nite temperature from Refs. [23, 31] and restrict ourselves
to Feynman gauge for simplicity. At zero temperature,
the running of g2 agrees well with perturbation theory for
small coupling. In the infrared limit, on the other hand,
the gauge coupling assumes a finite value associated with
an a non-Gaußian fixed point. At finite temperature, the
behavior of the coupling at large scales k  T remains
unaffected and still agrees well with the perturbative run-
ning in the zero-temperature limit. In the infrared limit,
however, the running of the coupling has been found to be
qualitatively distinct from the zero-temperature case [23].
In fact, the coupling decreases linearly with the scale k
according to g2 ∼ k/T and eventually tends to zero. In
this regime, the flow of the running coupling is solely
driven by the gluonic thermal zero-mode associated with
the spatial 3d Yang-Mills theory. Thus, the infrared be-
havior of the coupling in 4d is directly related to the
infrared behavior of the coupling in the underlying 3d
theory: g2(k  T ) ∼ g23d,∗ k/T with g23d,∗ ∼ O(1), see
Ref. [23]. Moreover, we note that the running coupling is
bounded from above on all scales and the maximum value
of the coupling decreases with increasing temperature.
At finite magnetic field, the gauge coupling g2 also
depends on b = eB/k2 due to the quark-gluon cou-
pling. To better understand the effect of the mag-
netic field on g2, we consider the associated β function:
∂tg
2 = ηg2g
2 = (ηA + ηq)g
2, which we have conveniently
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Figure 3. Chiral critical temperature Tc as a function of eB.
split into a purely gluonic contribution ηA and a contribu-
tion ηq containing all contributions from diagrams with
internal quark lines. For example, at the one-loop level,
ηq ∼ g2 is structurally identical to the vacuum polarisa-
tion tensor in Quantum Electrodynamics (QED). In the
limit of large (dimensionless) magnetic fields, ηq is pri-
marily determined by the dynamics of the magnetic zero
mode of the quarks, resulting in ηq ∼ b at zero tempera-
ture as in QED [32]. Thus, the quark contribution ηq to
the running coupling is magnetically enhanced compared
to the gluon contribution ηA. This results in a decrease
of the coupling in the infrared limit, g2 → 0 for k→ 0.
Loosely speaking, the magnetic field acts as an increase
of quark flavors towards the infrared limit, such that the
gauge coupling is attracted by the Gaußian fixed point.
In contrast to the finite-temperature case at B = 0, the
behavior of the gauge coupling in the infrared can now
not be straightforwardly related to the dynamics of a
dimensionally reduced gauge theory: Whereas the quark
fields experience a dimensional reduction from four to two
dimensions for strong magnetic fields, the gluon fields are
not directly affected and therefore are not dimensionally
reduced in the infrared limit.
In the presence of a magnetic field at finite tempera-
ture, the running of the gauge coupling in the (deep) in-
frared is still governed by the underlying 3d Yang-Mills
theory since the quarks decouple eventually from the flow
due to their thermal Matsubara masses. In any case, for
our numerical computation of the chiral critical tempera-
ture Tc as a function of the magnetic field B, we employed
the results for the running gauge coupling from Ref. [23]
and used only the B-field dependent one-loop expression
for ηq in the LLL approximation to suitably amend the
quark contribution ηq to ηg2 in the large-b limit; details
will be presented elsewhere [33].
Magnetic phase diagram.– Using our numerical results
for the scale-dependence of the chiral critical coupling g2cr
and the running gauge coupling g2, we can now compute
the dependence of the chiral phase transition temper-
ature Tc on the magnetic field B. To be specific, we
estimate Tc as the lowest temperature for which no in-
tersection point between g2 and g2cr as a function of k
occurs for a given value of the magnetic field B. In
Fig. 3, we show Tc as a function of eB. For B = 0,
we find Tc ≈ 220 MeV. The difference to the accepted
value for the critical temperature from lattice QCD sim-
ulations [34] can be traced back to the fact that we did
not consider a Fierz-complete set of four-quark interac-
tions [23]. In any case, increasing the magnetic field B,
we find that the critical temperature Tc decreases as also
observed in lattice MC simulations [7]. We note that
this decrease of Tc persists, even if we consider a B-
independent running coupling. Thus, this decrease in
the phase transition temperature can be traced back to
the dynamics in the matter sector as discussed above in
terms of our fixed-point analysis. The effective decrease
of the gauge coupling at finite magnetic field only inten-
sifies the inverse-catalysis effect in our analysis.
Increasing the magnetic field further, we observe
that Tc(eB) assumes a minimum at eB ≈ 0.2 GeV2 and
then increases for larger values of eB. Indications for
such an increase at strong magnetic fields are also seen
in a DSE study [35]. The catalysis effect for large eB
can be traced back to the fact that the RG running of
the four-quark interaction is mainly driven by the quark
loop at strong magnetic fields. This results in a decrease
of the critical coupling g2cr and, in turn, in an increase
of the critical temperature. Thus, the well-established
magnetic catalysis effect in fermionic theories, which is
simply driven by the fermion loop in Fig. 1 (a), sets in
“delayed” due to the non-trivial quark-gluon dynamics
in the matter sector.
Conclusions. – We have computed the phase diagram
of QCD in the plane of temperature and magnetic field.
Our results confirm the existence of the inverse-catalysis
effect. Compared to lattice MC results for 2 + 1 (mas-
sive) quark flavors [7], our RG analysis predicts a smaller
regime in which inverse catalysis occurs. Clearly, our sim-
ple study based on a single four-quark channel cannot be
expected to be quantitative. Still, it appears worthwhile
to study the scaling of the size of the inverse-catalysis
regime when the number of quark flavors is increased.
In any case, for large magnetic fields, we observe mag-
netic catalysis. Our fixed-point analysis reveals a simple
mechanism for inverse magnetic catalysis at weak mag-
netic fields and, at the same time, explains the dynam-
ics underlying the observed magnetic catalysis at strong
magnetic fields. In this respect, the observed “delayed”
magnetic catalysis can be viewed as a testable predic-
tion for future lattice MC studies. Moreover, our simple
analysis represents a promising starting point for phe-
nomenological applications, such as the microscopically
guided improvement of well-established QCD models.
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